
 

MATH2050 Limits of sequences

Reference Bartle 3 1

GOAL Define limit of a sequence dim kn X

and study limit properties

Det A sequence of real numbers is a function

X IN A

Deuce X I X1 X z K2 X n Xn

Write X kn Kc Xz 713

CAUTION Sets Sequences

ordered
E g C l 1 1 I I infinite

C l n C IN f 1 1 unordered
maybefinite

Examples of sequences

1 constant seq 1,1 I I I

2 geometric seq l'T T St TG In



3 arithmetic seq 1.5 9 13 17 4h 3

ve odd seq 1,3 5 7,9
eve
even seq 2 4 G S 10

4 Fibonacci seq inductively defined

X 1 Xz 1

Xn E Xu t X n 2 for n 33

Xu 1 1 2 3 5 8 I 3 21

Qe How to define the limit of a sequence

Simplest example

xn th 1 E T T E To

we want to say lim th o

because Kn eventually are getting close to 0

quantify this

Yn4443 12 1
I o o o co to 7 1B
O



Def't g E K definition for limit

We say that kn converges to X E B
finitenumber

Nolation him Xu X or Lim Xu C or Xu K
n oo

small large

iff V E so I k K E C IN s t

I kn k l c E t n s K

i.e se e s kn s k t E

Picture

E E th t 1
a o o O 7 IR

x O f
KK

Example limn o Qq JEFFc th s e
et E S o be fixed but arbitrary c Ecu2

By Archimedean Property we can choose

k ECN Et K Et Then V n 3 K

Int o 1 In E KI L E D



Example lion 37 3

et E 0 be fixed but arbitrary

Choose K C IN St K by ArchimedeanProperty

Then V n Z K

132 31 1 n

Y I III I

htt T E KI s E
b

Def i Given a seq Xn of real numbers we say

i kn is convergent if I X E R s t Lim xn 2C

Iii kn is divergent if Gcn is NIT convergent

i e X E R s t lim kn x

Exampleofdivergents

Example C 11 is divergent



Picture
1 I

I O 2 IR
0

Why I is not the limit

If lim Cc I 1 then V n K
r

HE so 7 KEIN se I C i 1 I s E I c

But for n odd I C c I I I C c l 1 2

So 4 cannot be true

Take E ee I g o if C is true I k KCI c IN

but if we choose n Z K odd then

I C c I 1 2 I contradiction

Similarly 1 is NIT the limit either Pf Exercise

Actually I 2CE IR se lim C17 x

Pf later



Prop Any convergent seq xn has a unique

limit

Proof Idea Suppose there are two limits X K

cannot happen

In eventuallyz.cneventually simultaneously
closeto7C

f closeto X f
ceoXeooo ooo X oa S IR
X X

Suppose NOI then I KFK C IR St

Lim Xu x lion xn X

Consider E E
1440 0 by defI of limit

lim xn 2C I k K E C IN st

s
for the same E I kn k I s E f n K

b

lion Xu 2C I K K E C IN st

l xn K I s E f n K

Take IT a Max f k k CCN Then V n 3 IT

ContradictionI 2C 2C I I can x xn K's I
o ineq Isc 2C I
L I kn KI t I kn k l k E t E z

D



Now we come back to

claim C i is divergent

PI Suppose NOT i e C c is convergent

ByProp 7 unique limit 2C lion Ct

By def7 of limit HE 70 I k c IN St

I C it x I s E t na k

Fix E I 70 then I k C IN St

I C it x I e I t n 3k

Fix n n s K et n odd he even Then

2 I I I I I C i C D I

I C il x C il x I

IC it x1 I c is x I

f I t 1 2

Contradiction b



More examples

Example Let a o Then lim tha o

0Let E 20 be fixed but arbitrary

Choose KEIN sit K 7 at

Ottha o f c E
Them T n Z K

tha Ta EFa E

I tha ol Ital karat
tha Ta E Ta E E

D

Example Let b E co 1 Then bin bn 0

Let E 20 be fixed but arbitrary
o 08

Choose KEIN sit K s wantilblogb

Then T na k
g
Ib ol b f b

Solvefor k

k logb C log EIbn ol b E b t E
k Yby



Recall lim xn X iff

V E 0 7 K C IN St I kn KI L E t n 3K

Qe Given E 70 how to find such a k
p A

small large

Some useful tools inequalities

i Fraction comparison
everything o

smaller 11 Bigger
E

M smallerBigger

Iii Triangle irreg Reverse Triangle ing 1AM GM ineq
Vx 1

Iii Bernoulli's ineq It x 3 It n X une µ

Example 1 revisted

Let bC Co 1 be fixed Then him bn 0

Pf Since b C Co 1 we can write it in the form

b 1
for some a 0

It a
l bst



Raise to nth power apply Bernoulli's ineg
b I

b Ea
1

e
Ita I 1ha

By the example on Tuesday

Let E o be fixed but arbitrary

Choose K C N s t K ate Then t n K

Ibn ol E Ina Fka Ya E

D

Example Let c o be fixed Then

Lim CT 1

Picture act c n I c C 1
I a o o e ooo a de p IR
O 1

Proof Casely C 1 then Ct I constseq

Case Cs I

Recall C'T g I tt n C IN Then for each n C IN

C It In for some du o



Raise to nth power apply Bernoulli
du O

C Ck It dn 3 I t nd n

C 1
Rearrange du E CH

n

et E o be fixed but arbitrary

Choose KC IN St K 7
E

When n K we have

Ct 1 I I dnt dn e E se

case do c c I

Recall 0L C'T e I t n C IN

Write Ct 1 Where his 0
It hn

Raise to nth power

c Ct inE hh

Rearrange hn C 1 for all n C IN
Cn






